Lecture 5 - Continuous-time Martingale
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EX 1 (FEAHNE Sample path)
W(Xe)term— MEVETEMMBENERE. X WEAPIEE X AEREwW € QER T BIRRET

T9t»—>Xt(w)

MR, XHEAERPLHL c QR5IM, MNHEESTERSEE ERIBRS HIE

A
(=)

{t = Xo(t)}oen
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EX 2 (FEHLEFZAYESE M/ Continuity of stochastic process)
BMNR—FENEREREEN, WREWABHEARYIE almost surely ZIELEH), B

P({weQt— Xi(w) ZELERY) = 1.

EEGRAEERBINE X,
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BMNR—FENEERAELRTIE, WREWABHEAYIE almost surely BHEL
#(cadlag, continue a droite, limite 3 gauche)fy.

1 =

0 O

WEPHMNSROAELRSE, Fln, EEMIE, FENMEERERAGELRT
2 (NHEEs). BERIES) . AEEMRR T EENRZSRZ], BB
HME; ZERREVEFEMMBTAIE “BEER” BY1EH
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BEBRNATBE—NIRREAELR. ETRENRA, RE “HH” BE—TE
1B, RMNMATUARRERNERAELRE. BARNASLE “2E" BBRE.

E X 3 (Modification)

B (X)ier and (X)ier RBRANRETR—NRESSE EHBEHITIE, HRITHRXEXH—
MEIE (Modification), SR

VteT, P(Xi=X:) =1
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BEAELRIZIE

53 1
’(X)er2—N L8, BREH — E[X,|BAEEN, BAXBEE—NEELRE
IF, BX/MEEHE.Z - L#h.

A, SMRB—EFEAELRIZE, FREX]RE—1MEXK.

Theorem 3.18 of Le Gallt

ZRFEMNBAURIRRZ BAELROELRER.

!Le Gall, Jean-Francois. Brownian motion, martingales, and stochastic calculus. Springer International
Publishing Switzerland, 2016.
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EMX 4 (1K Stopping time)
FEHLEET : Q — [0, o] @— D FAZ0T, WMRIHERL >0
{T < t} S gﬁ,

THIEHHEE X A

Fri={A€ P :Vt >0, AN {7 <t} € F}.

5 1 (EIERT First hitting time)
(X)) 2—MEZEEAENEEE 7 ENTIE, T AC E, BAEREEARETE

TA(w) =inf{t > 0: X;(w) € A}

A=,
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11 2
ST R—MERY, o H—ANBUET(0, o8y Z BENEE, 180 > 7. Moh—MEET.
1R, EX

k41
Tn = on 1{k2 n<r<(k+1)2— n}—|—OO 1{7— oo} n:071727"'
k=0

A—NETFrEEF.

Proof.
{o<tyn{r <t} € &

Xo>7, Ba{o<t}={c<tIn{r<t}, #¥{o <t}2ZFNM, BA—MSE.

HRl, . ATHEYE, .22 Ae, X, > 7, 8, AER.
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FEX 5 (¥ Martingale)

(.7, (Fi) >0, P)A—ANiltered HEEZE), X = (X)) E EHENITE, #
RE[|X:|] < oo, BLIX = (X1)H

(1) =N F-8, RV 0 < s <t, E[X;| 7] = X,;
(2) —MNF-L#, MR VO0<s <t E[X;|F] <
(

) X,;
3) = NF-T8R, MR V0 <s<t, B[ X¢|F] > Xs.
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Doob's martingale inequality

@l 1 (Doob’s martingale inequality)

B(X)A—PNEEETE, BAXTHERC > 0FIT < oo,

c-P( sup X:>c) <E[X]]

0<t<T

B (X)) A—ANEESES, BWEAN > 1, B X:|P < co. BAKTEREN ¢ > 0
T < o0,
E[X:”

cpP

P(sup |Xi|>¢) <

0<t<T

1B B AT E BN 458 3ERR, £ Proposition 3.15 of Le Gall®

2Le Gall, Jean-Francois. Brownian motion, martingales, and stochastic calculus. Springer International

Publishing Switzerland, 2016.
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Convergence theorem for supermartingales

EFE 1 (Convergence theorem for supermartingales)

BXA—NGELETH, (X)L ' BFN. BAFE—IHENEEX. € L'ES

lim X: = X, a.s.
t—o0

BE EFEARZERIFEE, £% Theorem 3.19 of Le Gall®

3Le Gall, Jean-Francois. Brownian motion, martingales, and stochastic calculus. Springer International
Publishing Switzerland, 2016.
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Doob's optional stopping theorem

EIZ2 2 (Doob's optional stopping theorem (uniformly integrable))
B(X)A—NEEE—HAH, PBAMEEERT, o FHEr <o, BX,, X, € L'HH

X, = E[X, | Z]

1Bt S EEtE B 458 IERR, &% Theorem 3.22 of Le Gall*

“Le Gall, Jean-Frangois. Brownian motion, martingales, and stochastic calculus. Springer International
Publishing Switzerland, 2016.
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Doob's optional stopping theorem

EFE 3 (Doob’s optional stopping theorem (bounded case))
B(X0) o A—NEELER, 0 <7 < co AMNBRFH, B4

(X, |7,] = X,.

—HAFRIER ML, &% Corollary 3.23 of Le Gall®

®Le Gall, Jean-Francois. Brownian motion, martingales, and stochastic calculus. Springer International
Publishing Switzerland, 2016.
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Doob's sampling theorem

EIE 4 (Doob’s sampling theorem)
B(X)A—NEEEH, rA—MEH, PABILEIREXT = X 0 A— D
H—t, MRERZERMN, EX.] = EX,).

Doob’s optional stopping theoremBI3i, £% Corollary 3.24 of Le Gall®

bLe Gall, Jean-Francois. Brownian motion, martingales, and stochastic calculus. Springer International
Publishing Switzerland, 2016.
14/14



